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We show that, given positive integers n, d, and a,, . . . . ad such that din and a,jn 
Vi, there exists a non-empty subset S of { 1, _.., d} such that djx,,sa, and 
lz ,E s a, < n. This resolves a conjecture of P. Erdiis and P. Lemke. 0 1989 Academic 
Press, Inc. 
1, INTRODUCTION 
Let d be a divisor of n and suppose we have d divisors of n, not 
necessarily distinct, which we write as { oi} for i = 1, 2, . . . . d. 
It is obvious that one can find a non-empty subset S of { 1, 2,... d} such 
that the sum of the a,‘s having index in S is a multiple of d. Erdiis and 
Lemke [ 1 ] framed the question: can one always find such a multiple that is 
at most n? In particular, one can consider the case d= n, in which the 
question becomes: Given d divisors of d, not necessarily distinct, can one 
always find a subset of them that sums to d? This was the problem first 
considered by Lemke. 
We prove a positive answer to the general question below. 
We do so by proving the following statement, from which it follows 
easily: 
THEOREM 1. Given a positive integer d and integers a,, a,, . . . . ad, there 
exists a non-empty set Q c (1,2, . . . . d) such that 
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and 
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C gcd(ai, d) <d. 
icQ 
In the next section we present proof of this statement, and of the Erdiis- 
Lemke conjecture from it. 
In the final section we describe a number of related open questions. 
2. MAIN RESULT 
We begin by proving the Erdos-Lemke conjecture from Theorem 1: 
COROLLARY. Given positive integers n, d, and a,, a2, . . . . ad with din and 
a,lnfor i= 1,2, . . . . d, there is a non-empty subset S of { 1,2, . . . . d} such that 
d C ai 
icS 
and 
Proof: From Theorem 1 there is a non-empty subset S of { 1, 2, . . . . d} 
for which dl CieS ai and Cis s gcd(a,, d) G d. Since both ai and d divide n 
for each i, we have 
ai = gcd(a,, n) digcd(ai, d). 
We conclude that Cie s ai < n. 1 
We note that the ideas of the theorem below can be used in a 
straightforward way to construct S from the als efficiently. One therefore 
knows not only that such an S exists, but that it can easily be found. 
The idea of the proof is as follows. It is trivial if d is a prime, and we 
proceed by induction on the number of prime factors of d. 
An argument is presented that handles the case in which d’s largest 
prime factor is 2 or 3 (Case II, below). 
Otherwise we use the induction hypothesis on n/p, where p is a prime 
factor of n which is greater than or equal to 5. 
In particular if there are enough a;s that are multiples of p, we can 
divide them by p, employ that hypothesis, and multiply back to obtain the 
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conclusion (Case I below). This could be done using only divisors relatively 
prime to n or divisible by p. 
Otherwise, we form a construction that only uses integers that are 
relatively prime to p, again making use of the induction hypothesis (Cases 
III-V). 
We now present the proof. 
Proof of Theorem 1. First, we make the inductive assumption that 
Theorem 1 is true for all values of d smaller than some given integer n, and 
then prove that it holds for d = n. The proof is trivial if n is a prime, so we 
assume that n is composite. 
Now, if p is any prime divisor of n, define 
S, = (i 1 p divides a,}, 
T,= {ilgcd(a,,n)>2}-S,, 
and 
Z= {ilgcd(ai, n)= l}. 
Then S~~T~=S~~Z=T~~Z=I$ and S,uT,uZ=(l,2,...,n}. 
Case I. IspI +Llzl/p_l2n/PS or some prime divisor p of n. If IS, I 3 n/p 
then we choose a cardinality n/p subset of S,, call it S,,, and then use the 
inductive assumption to apply Theorem 1 with d = n/p and the d integers 
(a,/~ 1, i E S,, to obtain a non-empty set Q c S, such that 
and 
Multiplying each of these through by p gives the desired result. 
If I SP ( < n/p, then since L I Zl/p J > n/p - IS, 1, we can choose n/p - IS,, I 
disjoint cardinality p subsets A,, AZ, . . . . A n,P- IsP, E Z, and using Theorem 1 
with d =p we can find non-empty sets Ql, Q,, . . . . Q,+ ,sP, with 
and 
Qjs Aj for j = 1, 2, . . . . r - p ISPI 
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Letting 6,) b,, . . . . b,,, be the members of S, (in arbitrary order), we then 
define the sets (Q,} for n/p - IS, 1 <j < n/p by 
We again use induction with d= n/p and the integers {(l/p) CiGs a;). 
j= 1, 2, .,.) n/p, to obtain a non-empty set R G { 1, 2, . . . . n/p} such that 
and 
1 gcd c C a;, 2) 62, 
jtR it Q, P P 
or, after multiplying through by p, 
and 
nCCaj 
jcR ieQ, 
C gcd( 1 ai,n)6n. 
itR is Q, 
(1) 
Since gcd(a,, n) = 1 for i E Z and since Q, G Z for j = 1,2, . . . . n/p - IS,, 1, we 
have 
C gcd(a,, n) = IQjl GP 
1 E Q, 
for these j, and also since p ( Cie Q, ai for these j, we have 
for j= 1, 2, . . . . ’ p- ISpI. 
Also, IQ,! = 1 for j=n/p- (S,( + 1, n/p- IS,\ +2, . . ..n/p. so that 
for thesej. Thus we have 
C gcd(a,, n) <gcd 
(ieQ, ) 
1 ai, n for 
rsQ, 
j= 1,2, . . . . i, 
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and thus 
1 C gCd(ai, n)< 1 gcd ( 1 ai, n) <n. 
jsR itzQj joR ieC2, 
Letting Q = Uj, R Qj, (1) and (2) give the required result. 
We will assume from this point on that Case I does not apply. 
(2) 
Case II. Cf=, l/p,< 1, where p,,p2, . . . . pk are the distinct prime divisors 
of n. Since Case I does not apply, we must have 1 S,, 1 + L IZl/p, J < n/pi - 1 
for each i, which implies 
(S ,+!z!<n-i 
PI 
Pi ‘Pi Pi’ 
i = 1, 2, . . . . k. 
Summing (3) over all i gives 
(4) 
Since SpIvSp2v ..’ vS,,vZ=(1,2,...,n) we have 
i, IS,, I + I-4 2 n. (5) 
Multiplying (5) by Cf=, l/p, and subtracting it from (4) gives 
which is impossible. We may therefore assume without loss of generality 
that Cf= i l/p, > 1, which implies that n has at least three distinct prime 
divisors, and that at least one of them is 25. We can therefore assume 
from now on that p 2 5. 
Case III. IT, I b 3n/2p. Let A, be an arbitrary subset of T, of car- 
dinality n/p. Then we know from the inductive assumption that there exists 
a non-empty subset Q, of A, such that 
(6) 
and 
(7) 
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By definition of Tp we know that p )I ai and gcd(a,, n) 2 2 for in Tp. It 
follows that gcd(a,, n/p) = gcd(a,, n) 3 2, so that for (7) to hold we must 
have IQ, 1 < n/2p. We can then choose a set A z of cardinality n/p from 
T, - Qi and again use the inductive assumption to extract from it a non- 
empty subset Q2 with the same properties (6) and (7) that hold for Q,, and 
we will then also have IQ21 < n/2p. Since Case I does not apply we know 
that IS, I< n/p, and since we have 
IspI + ITpI + 14 =n (8) 
and T,nZ#qS, we have [T,uZ-Q,-Q,I>(p-2)n/p. We can 
therefore select p - 2 disjoint sets A,, A4, . . . . A, of cardinality n/p from 
T,uZ-Q,-Q, and then find respective non-empty subsets 
Q3, Q4, . . . . QP of these sets with the properties (6) and (7) that hold 
for Q,. Using Theorem 1 with d = p and the d integers 
{(P/n) CiEQ, a,},j = 1,2, ,.., p, we obtain a non-empty set R G { 1,2, . . . . p} 
such that 
P jFRf ,C ai, 
ICQ, 
and therefore 
n C 1 4. 
jsRisQ, 
Also, since pi ai for iE T,u Z we have gcd(a,, n/p)=gcd(a,, n). From (7) 
we then get 
1 1 gCd(ai,n)= 1 C gcd(ai,~)GlRI l~,gcd(aiy~)GiRl~<n, 
jeR ieQ, jeR ieQ, 
so that with Q = UiE RQj, the conclusion of Theorem 1 is satisfied for 
Case III. 
Case IV. n/p < IT, I < 3n/2p. Define Al and Q, as in Case III, so that 
Q,ET,, lQ,l<n/2p, and (6) and (7) hold. Then if IT,uZ-QII> 
(p - 1) n/p, we can define sets A*, A, ,..., A, and Qz, Q3, . . . . QP in the same 
manner as A3, A4, . . . . A, and Q,, Q4, . . . . QP were defined in Case III, so 
that the conclusion of Theorem 1 is again satisfied with Q = Q1 u Q2 u ... 
u QP. The alternative is if I Tp u Z - Q, I < (p - 1) n/p, which implies 
IT,1 + IZI <(2p;p1)n, (9) 
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since Tp n Z= 4 and IQ1 1 <n/2p. However, if we multiply (8) by p and 
subtract (9) times p - 1, and then (with pi =p) subtract (3) times p, we get 
,Tp,>pn--(P-1)(2p-1)n n+l=(P-l)n+l 
2P - 2P ’ 
which is a contradiction to the premise of Case IV when p 2 4. We are 
therefore left with: 
Case V. IT,1 <n/p. Here, we choose A, be a subset of T,v Z of 
cardinality n/p containing T,. We then find Q, G A, as in Case III. We 
have 
and 
lQ,nZl<lA,nZl=lA,l-lA,nT,I=%-ITpI. 
Wemaythenaddn/p>21Q,nT,I+lQ,nZl ton/p-IT,IalQ,nZ(and 
divide the result by 2 to obtain 
$-~l~,I~lQ~~~~l+lQ~~Zl=lQ~I. (10) 
If ITp u Z- Q, 1 2 (p- l)n/p, then as in Case IV, the conclusion of 
Theorem 1 follows. Otherwise, we have 
which, together with (lo), implies 1 T, 1 + IZI < (p - 1) n/p + n/p - 4 1 T, I, or 
+IT,I + IZI <n. (11) 
However, if we add twice (11) to p times (3) (with pi = p) and then subtract 
three times (8) we get 
(P-3)Iq < -1, 
which is impossible for p 2 3, so the proof of Theorem 1 is complete. a 
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COROLLARY. If n and d are positive integers with d 1 n, and if al, a2, . . . . a, 
are integers, then there exists a subset Q of { 1, 2, . . . . n} with 1 6 IQ/ 6 d such 
that 
and 
1 gcd(ai,n)Ggcd( C ai,n). 
iep iCQ 
Proof If d=n, then the corollary reduces to Theorem 1. Otherwise, 
make the inductive assumption that the corollary is true when n is replaced 
by any smaller value, and let p be a prime divisor of n/d. Then there clearly 
exists a set A E (1, 2, . . . . n} with IAl = n/d such that either plai for each 
i E A or p j ai for each i E A. In the first case, since d I n/p, it follows from the 
inductive assumption that there exists Q 5 A with 1 < I Ql < d such that 
and 
Multiplying everything through by p gives the desired result. In the second 
case, the similar use of induction gives us a set Q c A with 1 < IQ1 < d such 
that 
and 
:Q gcd ( aiT:) Ggcd ( C ai, a), 
isQ 
from which the result follows, since gcd(a,, n) =gcd(a,, n/p) and 
gCd(CisQ ai n/P) < gcd(Ci,Q ai, n). 
3. OPEN PROBLEMS 
The following questions are raised by these results. 
QUESTION 1. What happens to the corollary in the main result if we 
drop the requirement that din, asking instead for the minimum value 
(l/n) ZIGS ai may have, subject to the constraints dl Cis s ai, S # 4, and the 
a,‘s are distinct. J. Selfridge has conjectured [23 that if we definef(d) to be 
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the maximum value of that minimum over all n and all sequences 
al, a2, . . . . a,, , then 
d-l 1 
f(d) = To z7T-i. 
(It is easy to show that f(d) > Cf~d l/(id+ 1)). 
QUESTION 2. Theorem 1 may be generalized to the following conjecture 
on groups. 
CONJECTURE. Any sequence of IG) elements (not necessarily distinct) of 
the finite group G contains a non-empty subsequence g,, g,, . . . . g, such that 
g1g2 . ..g.=e 
and 
It may be seen that Theorem 1 proves the special case of the above con- 
jecture where G is a cyclic group. There is also a simple proof of the above 
conjecture when G = (Zp)“, p a prime, or when G is a dihedral or dicyclic 
group, and we have verified it for all groups G where IGI < 15. 
Question 2 may be generalized even further to the following: 
CONJECTURE. Zf G is a finite group and H is a subgroup of G, then every 
sequence of (G( elements of G contains a subsequence g,, g,, . . . . g&, with 
1 < k 6 1 Gl/j HI, such that 
and 
g1g2 . ..g.EH 
We have verified this conjecture for IGI < Il. If H= 
to the previous conjecture. 
), then it reduces 
If G = Z, and H = (0, d, 24 . . . . ((n/d) - 1) d}, then the above conjecture 
reduces to the corollary after Theorem 1. 
The corollary after Theorem 1 can be generalized to the following 
conjecture, which has no analogue for groups: 
344 LEMKE AND KLEITMAN 
CONJECTURE. Given positive integers n and d with din, and integers 
a,, there exists an integer m relatively prime to n and a subset S of 
“;;I ;::.::‘;2) with IsI < d such that 
d C mod(ma,, n) 
ieS 
and 
c mod(ma,, n) I n, 
res 
where “mod (k, n),’ denotes the least positioe residue of k modulo n. 
This conjecture has been verified for n < 11. It is not trivial even when 
d = n and n is a prime, and, in fact, we have no proof even for this case. 
Another set of potentially interesting related questions is exemplified by 
the following: “How small can one reduce the number of a:s to in Theorem 
1, or, more generally, in the group theory problem of Question 2, given 
that k of them are distinct?” For example, Eggleton and Erdiis [3] have 
shown that any sequence of n elements, exactly k of which are distinct, of a 
finite abelian group G contains a non-empty subsequence g,, g,, . . . . g, such 
that 
(12) 
provided that n 2 max( IGI - (‘;), k(t)). This result may well also hold for 
our case, where we also require that 
(It also appears quite likely to be true if G is non-abelian.) They also show 
in [3] that n > IGI -k + 1 is also sufftcient to imply the existence of a sub- 
sequence satisfying (12). This result does not hold in our case for general 
groups because, for example, we need n = 2” to find a subsequence 
satisfying both (12) and (13) if G = (Z2)“‘, even if k = 2” - 1. However, 
n > / GJ - k + 1 may well be sufficient in our case for cyclic groups. 
If the n elements in the original sequence are aN distinct, it follows 
immediately from a result of Olson [4] that there exists a non-empty sub- 
sequence satisfying (12) and (13) if n > (4jGl - 3)lj2 when G is a cyclic 
group of prime order. In [ 51 Szemeredi shows that a solution to (12) exists 
if G is an abelian group and n > clGl “*, where c is an absolute constant. 
While this is not true in general if we require a sub-sequence that satisfies 
both (12) and (13) (&cause of the example G= (Z2)m given above), it may 
still hold when G is a cyclic group. 
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